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The aim of this paper is to make a complete investigation concerning the inter-
action between the rate of convergence of Cesaro means of Walsh-Fourier series
and the modulus of continuity. We give the best possible sufficient conditions with
respect to the modulus of continuity that implies the convergence at a given rate.
We also give the best necessary conditions. These questions are studied in L”
(1 € p<cc)and in uniform norms. As a consequence, we receive the best results for
the Lipschitz classes. The solution of a problem of F. Méricz and A. H. Siddiqi
(1992, J. Approx. Theory 70, 375-389), ie., the characterization of the Favard
(saturation) classes of the Cesaro summation, can be derived from our theorems.
¢ 1994 Academic Press, Inc.

1. INTRODUCTION

Let N denote the set of natural numbers, and P the set of positive
integers. Let r, represent the kth Rademacher function, ie.,

+1 i 0<
Rl)=1_1 i i<

3

x<
X <

— 0

periodic with 1, and
re(x) = ro(2%x) (keP).

The Walsh functions in the Paley enumeration can be defined as products
of Rademacher functions as

o0

N g

w, = ].—[ Ty
k=0
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where n=3*_, n,2* (n, =0 or 1, ne N). The Dirichlet kernels with respect
to the Walsh system are defined by the sum

k-1
D,=Y w, (keP).
i=0

It is known that D,. (ne N) enjoys the nice property

2" if 0g<x<2",
Dy(x)= 1
(%) {O otherwise. th
The collection of functions of the form
n-1
P= Z apwy
k=0

with real a;’s, ie., the set of Walsh polynomials of order less than neP
is denoted by #,. Recall that #. (neN) coincides with the set of ./,
measurable real functions, where ./, denotes the ¢ algebra generated by the
dyadic intervals

Lk)=[k2"" (k+1)2 ") (0<k<2" keN).

In this paper we study approximation problems in the L?=L"[0, |)
(1 € p< o) spaces (with respect to the usual Lebesgue measure). Uniform
approximation is studied in Cy,. That is the closure of the set of the Walsh
polynomials in the uniform norm. In other words C,, consists of the
functions continuous at every dyadic irrational of [0, 1), continuous from
the right at every point of [0, 1), which have a finite limit from the left on

(0, 1].
From now on X7, 1 < p< oo, denotes L7 if 1 < p< o0, and Cy, if p = oc.
Set

1 tip
i, =([ )" <<

I/l =esssup |f].

The best approximation of an fe X’ (1< p< o) is defined as

E.(f.X")=inf |f—Pl, (neP).

Any xe€ [0, 1) can be uniquely written in the form

x=Y x,2° %+,

k=0
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where lim in{, _, . x, =0. This is called the dyadic expansion of x. For any
x, ye[0,1) with dyadic expansions 3 ,x,2 **V $rx  y,2 %+b
their dyadic sum is defined by

G
x4yp=Y |x -yl 270
K=o

Let 1, (re [0, 1)) denote the dyadic translation by ¢, i.e.,
tf()=fx+1)  (xe[0, 1), feXx")

If feX? (1< p<oo), then its dyadic X” modulus of continuity is defined
as

wp(év f)=sup ”f—rlf”[l (6>O)

1<

This X? modulus of continuity has some properties different from the
classical one. For instance, w,(2d, f) cannot be dominated by Cw,(3, /)
(C>0 absolute constant). However, if 27" '<d8,<d,<2 " for some
neN, then

0,(0,, [)S20,(0,, f)  (feX’, 1<p< o)
Consequently, (w,(27", f), ne N) completely characterizes the X ” modulus
of continuity of fe X 7.

In particular, (see [3, 8]), for any nonnegative sequence w = (w,, 1€ N)

tending monotonically to 0—in notation w \ 0—there exists f € X” such
that

0,2 " fl=w, (neN).

Such an o = (w,, neN) is called a dyadic modulus of continuity. Let H}’
denote the Holder class generated by o, ie.,

Hi={feX" 0,27 f)=0w,) asn—>wx}
Similarly, H3” (fe X”) is the Holder class generated by w,= (w,(27", f),

neN).
The Walsh-Fourier coefficients of a function fe X' are defined by

. 1
Jom=| fu, (neN),
0
The Walsh-Fourier series of f is the series

Y fn)w,.
n=0
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Furthermore, let S, f denote the nth partial sum of the Walsh-Fourier
series of f, ie.,

n-1
S.f=Y fkyw,  (neP).
k=0

The following inequalities are due to Watari [12]. These show that there
is a strong connection among w,(27" f), Ex(f,X?}, and [ f—S.fl,
{(f € X?, neN). In particular,

30,27 SN = Snfl, <0277 f), (2)
and
SIS =S fll, <Exlfs XN, SN f = S0 f - (3)

Remark. It is known that the Walsh functions are the characters of the
dyadic group G. Consequently, in many problems concerning the Walsh
system the structure of the dyadic group plays an important role. Using
an almost one-to-one measure preserving map that structure can be
transferred to [0, 1). (For details of this correspondence see [9].) This is,
for instance, how the concept of the function space Cy arises from the
space of continuous functions on G. Although we work on [0, 1) in this
paper all the results and methods used can be formulated also on G.

MAIN RESULTS

The (C, 1)-means of an fe X' are defined as
1 n
0. f==3 S.f (neP).
neo
If K, denotes the nth Walsh-Fejér kernel, ie,

1
K,,=_ZDk (nEP),

then ¢,/ = f * K,,, where * stands for dyadic convolution.

Yano [13] has proved that |K,|, <2 (n e P). Consequently,
If—e.fl,»0asn—00 (feX? 1< p<oo) However (see, eg, [5,9])
the rate of convergence cannot be better than O(n ') (n— o) for non-
constant functions. In the following theorems we use the dyadic X*
modulus of continuity to characterize the set of functions in X” whose
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(C, 1)-means converge at a given rate. The rate of convergence is
prescribed by a sequence o= (o, ke N) ~ 0.

As we will see all the necessary, and sufficient conditions with respect to
the X' modulus of continuity in Theorems 2—4 are inequalities, whose left
sides are monotonically increasing as n — oo, while the right side is equal
to (na,, n € N). This inspires the idea that we only have to deal with
sequences o for which (ka,, k € N) is monotonically increasing.

Indeed, the following is true.

THeoREM 1. Let feX? (I1<p<w) and a=(a,, keN) N 0. Then
If—o.fll,=O(a,) implies |f—ao,fll,=O0((1/n)inf, ., ko) (k,neN,

n— oo).

Remark. The above theorem includes the solution of the saturation
problem with respect to the Cesaro means. Indeed, if inf, _\ k2, =0 then
I f—oufll,=O0(x), k— 0 (1< p<oo)if and only if fis equivalent to a
constant function. In particular [9], if | f— o, fll,=0(k "), k = oo, then f
1s necessarily constant.

We have formalized our main results in three theorems.

THEOREM 2. Let 2< p< oo and a= (o, ke N) N\ 0.

(i) IfforanfeX?
n 1/2
(S kiik ) =00m)  (1=c0)
k=1

then
I f=a.fll,=0(x,) (n— o).

(ii) If w is a dyadic modulus of continuity for which

n 1/2
(Z kwi) # O(na,,) (n— o)

k=1
then there exists f € H such that
If=o.fl,#0(a,)  (n—0)
(iit) If foran fe X?
If=oufl,=0(x)  (n— )
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then
n ],!“2
< Y. kP lob(1/k, f)) =O0(na,)  (n— o).
k=1
(iv) Let
n 1/,
Q,= {fe X < Y kP lwl(1k, f)) " O(n,) (n — 00)}
k=1

and

S,={feX N\ f =0, fl,=0(,) (n— oo)}.
Then

U Hy=2,.
rel,

In the following theorem 1< p<2, and the corresponding results are
dual to those in Theorem 2.

THEOREM 3. Let l<p<2 and a=(o,, ke N) N 0.
(i) If foranfeX’

” Iip
(Z k" ’w,’,’(l/k’f)) =O0(nx,)  (n—>0)

k=1

then
uf_ O’Hf”p=0(an) (n—’ ‘fn)'

(ii) If w is a dvadic modulus of continuity for which

n 1/p
(Z k? w) #0(nx,)  (n-0)

k=1

then there exists € H} such that
If=o.fll,#0(x,)  (n—> )
(i) If for an feX”
If=o.fll,=0(,) (n—>x)

then

(Z kwf,(l/k,f)>12=0(na,,) (n— ).

k=1
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(iv) Let

Q= {fe X":( 5 kw;wk,f)) = O{na,) (n > oo)}

k=1

and
Z,={feX": | f-0,fl,=0(a,)(n—> )}
Then
U Hy=Q}.
sez,

The next cases, ie., when p=1 or oc, are slightly different from the
previous cases.

THEOREM 4. Let p=1 or o0, and a = (a,, keN) N 0.
(1) IfforanfeX”

Y. w,(1/k, f)=0(na,)
k=1
then
\f—o,.fl,=0(,) (n— ).

(ii) If w is a dyadic modulus of continuity for which
Z Wy # O(nan)
k=1

then there exists f € H such that
If—o.fll,#O0(,)  (n—x)
(iii) If foran feX”
If=0a.fll,=0(x,)
then

max kw,(1/k, /)= O(na,) (n— o).

O<k<n
(iv) Let
Qr*={fe Xpiolzl’fli(n kw, (1/k, f)=O(nx,) (n— o)}
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and

E,={feX?: |\ f=0,fl,=0(a,) (n—x0)}.
Then

U Hy=ap"

feX,

Remarks. 1. If a growth order condition with respect to the X7
modulus of continuity is satisfied by an '€ X” then the same holds for any
element of the Hoélder class generated by f. This means that the best
possible sufficient condition is the one which induces the largest subset of
the set of Holder classes contained by—using the notation of the above
theorems—Z',. Similarly, the best necessary condition is the one that
induces the smallest subset of the set of Holder classes which covers X,.
The (ii) (resp. (iv)) parts of Theorems 2—4 show that the corresponding
sufficient (resp. necessary) conditions in (i) (resp. (iii}) are the best possible
in this terminology.

2. Theorem 1 together with Theorems 2-4 has the following conse-
quence. If o, § ~ O with inf, ., ko, = O(nf,), n— oo, then |f—0a,f|,=
O(a,) implies | f—o,fl,=0(f,) (1 <p< ). Moreover, if at the same
time inf, . , kB, # O(na,), n — oo, then there exists f € X with | f—a,f| ,=
O(B,) and Il f — o, /1, # O(a,).

AUXILIARIES

In order to prove our theorems we need some preliminary results
and lemmas. C will denote an absolute positive constant and 4,, B,,
depending only on p, denote positive constants, not necessarily the same in
different occurrences.

Let L° denote the collection of sequences g = (g,, k € N), where each g,
is a real valued measurable function defined on [0, 1). For any 1< p,
g < o denote by L?(/9), resp. /7(L7), the Banach spaces of g e L° for which

X i/q
(z |gk|")
k=0

o 1/p
ugn,m=(z ugkuf;) ,
k=0

L]

4

gl Ly =

resp.
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is finite, and these quantities serve as norms in them. (If p, ¢ = oo then we
make the obvious modifications.) Concerning the properties of these spaces
we refer to [10]. Set

Ay f=Sprif=Suf (feLl)a
and
Af =(4,f, keN).

Clearly Af e L®. The quadratic variation of an fe L' is defined as

of = (i lAkflz>“2-

Using the above notations we have |Qf |, = |Af |l Ls2. It is known [7] by
Paley’s inequality that the norms [Qf, and || ||, are equivalent for any
l<p<owo, fel? ie,

Ay WA iy S UFU < By 1AS Nl o). (4)

The following inequalities, which are applied frequently in the sequel, are
immediate consequences of (1).

14/, <Ifl, and  ISxfl,<Ifl, (keN,feX? 1<p<o)

(5)
Suppose geL® and fe L7 (2< p< ). Then
ligl Lty S Ilglllz(m, (6)
and
IAS N Logmy < 1SN (7)

The case p=oco is trivial in (6). If p<oo then use the Minkowski
inequality for the L space to see that

oo oC 1/2
5 g2 <(z ngzum) — gl .
k=0 k=0

12
el Ly =

p/2

We show (7) by using an interpolation with respect to the L?(/¢) spaces.
We note that f — Af is a linear map from L” to L Therefore, by the inter-
polation theorem of [9] it is enough to show that A is of type (L%, L*(1?))
and (L*, L*(1*)). Obviously, 1Af|l 22 = /1,2 Since 4, flle <|fl
(k e N), we have by (5)

||Af”L’°(I‘°°)= ||Af“l"(L°°)< “f“m
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Now let 1 € p<2. Then
el Loy = Hg“ﬂu,m» {8)
and

IAS W 2rry Z 1S Lo %)

It is easy to see that similarly to the L7 cases the space dual to L”(L%)
is L7(17), where 1/p+1/p'=1, l/g+1/g'=1 (1<p, g< ). Moreover,
the Riesz-representation theorem for this case is of the form

l L
”fHu’(m =Ssup {J Z Se g ligl gy S 1}-
0 k=0

Similar relations hold for the /”(L?) spaces. Therefore, (8) follows from (6)
by duality arguments. Furthermore, (7) implies

1f1l,=sup {Ll Z A fa, g g, < 1}

1 xL
<sup {J Z A, A, 8: |Agl Lrgry < 1}

O k=0

<A Moy (Mp+1/p=11<p<2)

Let d denote the restriction of the operator of the dyadic derivative onto
P,oie, il P,=Y _taiw, €, (neP) then

n -1
dP,= 3 ka,w,.
k

=0

We refer to [9] for details. It is known [1] that there are inequalities with
respect to the dyadic derivative which are similar to the classical Bernstein
and Jackson inequalities. They are of the form on 2

HdP.l, <2n |\ P,
EAP,, X?)< Ak '|dP,], (P,e?,.nkeP)

In particular, we have by (2) and (3) that
2700, <A Sl , < 4,2 K da S,
(feX?, 1< p< o, keN) (10)
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The following lemma shows that the investigation of convergence of Cesaro
means can be restricted to indices of the form 2" (ne N).

LEMMA 1. Let feX? (1< p< o) Then
If=omifl,Z A, f—onfl,,
and
Wf=om i S, <A, N f—axfll, (k,neN,0<k<2M.
Proof of Lemma 1. We have by definition and by (5) that
ILf =021 fll, 2 ISx(f =021 /), =5 1Su(f =),
z3(If—oxnfl,— 14,11,
=S =Sxaifl,)  (SeX", neN)
Since A, (f ~am+1 f)=2""""dd, f it follows from (10} and (5) that
N4, S, <A, N =00 [,
Similarly,
1f =S fll,=0f =02 f)=Splf =00 [,
L2Nf=om fl,-
Combining these inequalities we have
1f=owmnifll,Z2A, 1/ —0xfl,.
On the other hand [2] for all k&, ne N, 0<k <2",
2"+ k) Kiany 1y =2"Kon + kDo + wpnk K.
This implies
Lf—omecf/ oI =00 fll, + 1/ = Sufll, + 14, S * WKl
Since
Mdnf * W Kll, < wan Kl N, S, S2 1S =SS,
we have by the same estimations as those above that

1 f=omrfll, <A Nf—02fll, (k,neN,0<k <2 1|
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In the following two corollaries let feX? (I<p<o) and
x=(a,, ke N) ~ 0 be given.

CorOLLARY 1. || f -0, fll,= Ola,) is equivalent to || f — o x f1, = Olax)
(k= o).

This is an immediate consequence of Lemma 1.

COROLLARY 2.
Wf—oeufl,=0() (k- o0) (11)
if and only if
1dSpfll, = 0Q2"y)  and  Eu(f, X*)=0(ay) (n—o) (12)
hold

Indeed, it is easy to see by definition that
2"K,=2"Dys—dD» (neN).
Hence by (2), (3)
1S fl, <2" N f =0 fll, + 2" I f = Snfll,<3-2" | f —anfll,,
and

2" f—onfl, < NdSufll, +2-27Ex(f, X7).

Consequently, by Corollary 1, (11) follows from (12). To complete the
proof observe that (11) implies E,(f, X7)=O(ay) (n—o0). |}

Corollary 2 shows the strong relation between the Cesaro means and the
dyadic derivative. For the general theory with respect to such relations we
refer to [11].

The following inequality will be used frequently. If feX? (1< p< )
and 1< ¢ < oo then for any ne N

Vg

(z (2* uAkfn,,r')’ >1/4(§_: (Z*w,,(Z*,f))">
k=0 k=0

— 2w, (27", f). (13)

Indeed, since |4, fll, = I/ — Sy fll,— I f — Su-1f1, it is clear by (2) and
the triangle inequality that
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1y

n l/g n
(z (2* ||Akfn,,)q) >(z (2*(I|f—Szkf|l,,—Ilf—Szk+1fH,,))">
k=0 k=0

><
k

)
n 1/q
—( 3 (2 Hf~Szkfll,,)”) 27 f = Sy,

/g
2% I1f - Szkfn,,)‘f)

> 1/2( T (2 llf—Szka,,)") =Sy,

k=0

n 1/
> 1/4( 5 (2"w,,(2k,f))"> 2,2 g,

k=0

LEMMA 2. Let f=%> a,r,e X? (1< p<oo)and a=(a,, keN) \ 0.
Then

If=o.fl,=0(a,) (n— )
if and only if

n 1,2
( Y kwf,“/k,f)) =0(na,) (n— ©).
k=1

Proof of Lemma 2. First let, fe X7 such that

n 1/2
(};‘, (2*w,,(2”‘,f))2) —0(y)  (n— )
k=1

Clearly, Ex(f, X?}<w,(277,f)=O(ay) (n— ). Note by definition that
dSyf=3Y7_) 2*a,r, (ne P). Applying Kintchin’s (see, e.g., [9]) inequality
we have

n—

n-—1 1/2 1 1/2
IIdSzan,,SAp( 5y (2*ak)2) =Ap( 5 (2 uAkfu,,)z)
k=1

k=1

n

1/2
<Ap< > (2kwp(24k’f))2) <A, 2" (neP).

k=1

Hence, ||/ —o0,f|l,= O(x,) (n— ) follows from Corollary 2.
Now let fe X? such that |f—~a,f|,=0(a,) (n— ). Applying (2),
(13), and, again, Kintchin’s inequality we obtain
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-

(z <2"wp(2’**,f)>2) “<4( Y nAkfu)Z) +420,07 )

k=1

n -1 1/2
=4( Y (2"ak)2> +4-2"w, (27", f)
k=1

SAdSy fll, +2"Exlf. X7))  (neP).

The proof can be completed by Corollary 2. |}

PrROOFS

Proof of Theorem 1. Applying Corollary 1 we need only prove that
[f—=ounfll,=0(ay) implies |f—oufl,=0((1/2")inf, ., 2¥xx). Since
(dSyfll, = O(2"x) increases as n— oo it can only be dominated by
C2% 0 if

HdSzan,,:O(kinf 2k e0) (n—> ). (14)
Let || f —Sufll,= By=0(az). If 2°f,. is quasi-monotonically increasing

then the proof can be completed by Corollary 2. If this is not the case, then
let 4,=1 and

fGo=min{j>¢ 1 278,<2/ 718, ) (keP).
Observe that
1dSifl, 2 d4,,  f1,2C,2% "4, fl,
22 YPox 1= Pr)Z32" a1 (keN).
Therefore, we have by (14) that

2% 1By < A, inf 2%, {(keN).

nz/ly
On the other hand, for any je N there exists
N,=min{keN:4 > j}
Then
ziﬁygzmﬂmg szam (jgn‘l </N))9
and
VB2 Pary 1 <C, inf 2"ay(jeN).

n?/,v,
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Consequently,

1.
By <A, inf 2%, (jeN).
2} nzj

We can finish the proof by Corollary 2. |

Proof of Theorem 2. Let fe X” such that

n 1/2
(T @o,e tp) =0@u) ()

k=1

Consequently (see (2) and (3)), Ex(f, X7)=O(a,:) (n— c0). We have by
(2) and (10) that

(A, <425 14, f,<4-2%0 275, f).
Therefore, it follows from (6), (4), and (2) that

“dsznf“p < Ap “A(dszﬂf)“ X Pt

<4, “A(dS2~_f)|f12(xp)=Ap( Z ”d(dkf)“i> ‘M
k=1

n—1 1/2
<4A,,( Y (kap(Z“‘,f))z) =0(2"ay)  (neP).

k=1

In view of Corollary 2, this completes the proof of part (i).
To prove (ii) let w = (w,, ke N) N 0 for which

o 1/2
( y (2kwk)2) #0(2",.)  (n— o).

k=1

Define f'€ X7 by the series

0
f= Z akrk,
k=0

where a, = (w] — w}, )" (keN). Thus
20 1/2
(Z ai) =w, (keN).
=k
Therefore, Kintchin’s inequality and (2) imply that fe X” and
A,0,<0,(27% )<B,w, (keN)

640.76:1-4
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Consequently, fe H}, and

n 12
( Z (zkwp(z 7‘(’ f))z) # 0(2na2”) (n — 0 )

k=1

The proof of (ii) can be completed by Lemma 2.
The hypothesis of (iii) implies [dS,.f]l,=0(2"ay) and E,(f, X")=
O(a,:) (n— o). Applying (10) and (13) we obtain

Lip

(S @o,e ) <a( T e uasir) varoe i)
k=0 k=0

n 1/p

<A,,(z ||dAkfnz) 44 20,27 1 f)
k=0

= A, IS M xrmy +4- 270 (27", £).

Therefore, it follows from (7) that

(Z (2"wp(2"‘,f))”)l”p=0(2"az~) (neN),

=0

which is equivalent to the statement of (iii).

Finally, to the proof of (iv) we must show that for any g € 2, there exists
S €Z,such that ge H;”. To this end let g be an arbitrary element of 2, and
introduce the notation w,=w,(2 7, g) (jeN).

Define (¢,, ke N) as

66=0, 4, ,=min{jeN:0,<}o,} (keN) (15)

Set
fk=ak.f(‘rr(/k*,—n(Dzlkﬂ—szk,r1)), (16)
where a, is determined by the identity || f, |, = w,, (ke N). Here # denotes

the inverse of the dyadic operator 4. Let f =3__, fi.. Then, we have by the
definition of {4, ke N) and (2) that for £/, <n </, ,,

0,2 " )1<2Y 1], =2
P=k

oc
@, <4w,, < 8w,
i= =k

7

ie., f€£,. On the other hand by (2) and (5)
0,27 )2 0,27 )2 f = S S,
2 “A{k*171fup= ufk“pzwszwn'

Consequently, w,(27", )2 w,(27" g). In particular, ge H .
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It remains to establish feX,. Let 4, <n</4,, (n, keN) and note by
definition that the supports of df;’s are disjoint, i.e., supp df; "supp df, = &
(i, Je N, i #j). Then we have by (10) that

k—1

k-1 k
(2/]“(9/,),’-
j -0

~1
[dSuflo="3. Idfil2<4r Y Q27| f],)7 =47
j=0 =0

7 /

It follows from the construction of (£, k € N) that

vy -1
27w, )P <47 Yy (2"0,)”  (jeN).

m={;

Consequently,

n 1/p
udsznfupsm( 5 (2%)!’) —0(2"y) (=),

m=1

On the other hand, E..(f, X?)= O(x,.) follows easily from the fact that
f€82,. This completes the proof of (iv). 1

Proof of Theorem 3. Let fe X? Thus by (2), (9), and (10)

”dSZ"pr < ||A dSz"f“xr'(/r') = ”A dSz"f"mxn]

<4( T (2* nAkfnp)")'
k=0
<4(i (2*wp(2*k,f))") " (nepy.

In particular, if f satisfies the condition of (i) then
1dSyfll,= O(2"az) and E(f, X7)=0(ay) (n— o).

Hence, by Corollary 2 we have || f — o, f|l, = O(a,) (k = o0). The statement
of (i) is proved.

Next, let @ =(w,,keN) \ 0 such that (7_, (2%w,)?)"7 # O(2"a,n)
(n— o). Define 4, fi (keN) and feX? as in (15) and (16). Set
te<n<f{,,, (n,keN). Then similarly to the proof of (iv) of Theorem 2
we obtain w,(27" f)<8w,. Hence feH,. Introducing the sequence
B.=(1/n)inf, ko, (neN) we obviously have (T7_, (2%w,)")'"#
O(2"f;1) (n— o). By the definition of 7 it is easy to see that

Lip

n 1/p k-1
(2 @wr) <2(X @) 1220, Gen<h,keN)
j=0 =0



48 S. FRIDLI

Since 2’8, increases, and B, N 0 as j— oo it follows from the above
estimation that

1 ko1

n ‘ Lip 1 tip
w7z (L, o) <2 (3 o)

=0 j=0

T (i(%"w )")lp
"2/Ay1ﬂ2/k” j “ .

/=0

Consequently,

1 k1 1ip
lim sup —~—< Z (20 ‘(u,))”) = o0. (17)

4
k- x 2‘/320 j=0

On the other hand, it follows from the definition of f;, /, and from (10) that
k-1 ko1
dSyflln="3 ldfillh=A4, 3 Q7 fll,)”
j=0 j=0
k—1

=4, Z (2/le/j)l"

7
Ji=0

Hence we conclude from (17) that ||dS,. f1[, # 0(2"B,.) (n — oc). The proof
of (i1) can be completed by Theorem 1.

To wverify (iii) suppose that feX? such that |f—o,fl,=0(a,)
(k — o0 ). Then we have by (10), (9), (8), and (4)

(nz 2 uA,,fup)Z)
k=0

12

‘“<AP< S 14,(dSw /) i) A IAS Y e,

k=0

S A, NAASy W xrany S A4, 1dS2 S, (neP)

The inequality (13) and Corollary 2 imply the statement of (iii).
It remains to establish (iv). To this end let ge 27, and use the notation
w,=w,(27" g) (neN). Set

f= Z Ayl
k=0
where a, = (w} —w;, )" (ke N). Thus

o 12
2 —
(Z 4,-) = Wy
=k

Hence, similarly to the proof of (ii) of Theorem 2, we can conclude from
(2) and Kintchin’s inequality that fe X” and ge H .
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On the other hand

n-1 n—14

1,2 12
udsznfupsA,,(z (2"ak)2) sAp(z (2*’wk)2) ,

k=1 k=1
and by (3) we have E,(f, X?)<|f-8,f,<C,0,<C,a» (neN).
Consequently, in view of Lemma 2 and Corollary 2 we have fe2,. |
Proof of Theorem 4. Suppose that fe X? (p=1 or o0) satisfies the
hypothesis of (i). Then we have by (10)
n—1 n—1

IdSxfl,< ¥ lddefl, <4 3 211411,
k=0 k=0

<4'Y 20,27 f)=0Q2) (1),
R

=0

Since the second assumption of (12) follows obviously from our hypothesis,
Corollary 2 implies |/ — o, f|,= O(a;) as k — oc.

Next denote w = (w,,, k€ N} N 0 for which 37 _ | @, # O(2"xy) (n = o0).
Let (£, ke N) be as in (15). Set

/‘_{akff(rszﬁl‘(szkﬁl—Dzlkfl 1)) if p=1
k= a I Dy —Dynii 1) if p=oc,

where a, is determined by (fill,=w,, (ke N). Using the same arguments
those in the proof of Theorem 2 we obtain

feH, and w,(2" f)zw, (neN)
By definition we have
supp df; nsupp df, = & (keN,j#k) if p=1
and

H0) =1/l o =w,  (keN) if p=o0.

Therefore, the definition of (£, ke N) and (10) imply for 7, <n</,,,
(n, ke N) that

k—1 k—1

NdSsafl,= Y, ldfil,=C ¥ 27 £,
j=0 ji=0

k—1
=CY 20w, (neP).
j=0

j=
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Using the same arguments as those in the proof of (ii) of Theorem 3 we
obtain /¢ 2.

In order to show (iii) set fe X” with ||/ — o, |, = O(a,) as k - 0. Then
Corollary 2 and (10) imply

204 S, < CNdd fll, S ClldSnfl, < C2'a  (0<k<n).

In particular, (2} implies

n 1
2w, (2 K f1<2: 2% ( Y 141, + 1 f—Sx ﬂl,,)
=k
< C2"tyn (k,neN, k<n),

which was to be proved.
Finally, let ge Q}* and w, =w (27", f) (ne N). To prove (iv) it suffices
to show the existence of an f'e X, for which

w, (27" 1z Cw, (neN).

To this end first let p = cc, and denote by (f,, k e N), (/;, k € N) the same
sequences as those in (15) and (16). Thus ge HY. If /. <n</,
{k, ne N) then by definition we have

1dSyf| . = max |df)], < max C2%w, =0(2"y) (11— x).
O< j<k V< j<k

If p=1 then let (4, keN) be as before. Set f,=w,r,, and define f,
inductively as

k-1

dfk=ak"/k,] 1 Z df/’

j=0

where a, is determined by || fill, = @, (ke N). Clearly f=3¥7_, f, € X' and
geH{. On the other hand, it can be proved by induction that if
tesn<{, ., (k,neN) then

dSxfll = max ldfill < Omaka?.”w,] = 0(2"3) (n— o).
<J< < j<

Indeed, we have from the construction of f, that

”dfk+1”1 if a, .1 >1

ds =
4SSl {Hdsaf“l if a,,, <L

This completes the proof of Theorem 4. |
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REMARKS

In this section we show some of the consequences of our results. The (i)
parts of Theorems 2-4 can be used to estimate the rate of convergence of
the Cesaro means of an arbitrary fe X7 (1 € p< o). However, that rate
may not be the best possible for that individual function, but it is for the
Hdlder class generated by f This follows from the (ii) parts of the
theorems. In particular, if w,(2 7", f)=2"" (0 <y < 1)—for the existence
of such a function see [3,8] -then H;"=Lip(y, X7). It is easy to see that
as a consequence of Theorems2-4 we receive the well-known result
[12,13]), ke, If—0,fl,=0(n ¥) (0<y<1)if and only if f€Lip(y, X”).
It is known [12, 13], that fe Lip(1, X”) implies || f~o,f[|” = O(log n/n)
(n— cc). Applying our results for this situation we can conclude that this
is the best possible estimation if p=1, oc, but not for the other cases.
Namely the following theorem is true.

THEOREM 5. Let feLip(l, X?) (1< p< ).
(1) If p=1 or o then

nf—mﬂu=oc%?) (n— ).
(i) If 1< p<2 then
lu—me=0(&%?z> (n ).
(iil) If2<p<oc then

l 1/2
nf—mfm=0(5§fL—

) (n— o).

n

These results cannot be improved.

The problem of characterizing the Favard (saturation) class of the
Cesaro summation via the X” modulus of continuity was posed by Moricz
and Siddiqi in [6]. In our case the saturation class is the collection of
functions for which ||f—o,fl,=0(n '} (n— o). The solution of the
above problem reads as follows.

THEOREM 6. Let fe X? (1< p< w).
U/

Y, kT 'win " f) < w0,
k=0
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where g=p if 1l<p<2,g=21if2<p<ow,andg=1if p=1 or o, then

”f_anfllp=0(nﬂ]) (”l—*W)

(ii) The above conditions cannot be weakened.

(i) I If—0a.fl,=0(n"") (n—> o), then
i k? lwin !, f) < oo,

where q=2if 1<p<2, g=pif2<p<o0, and
SeLip(l, X*)

if p=1 or co.
(iv) The result of (iit) cannot be improved.

We note that the case (i) follows from the results of Moéricz and Siddiqi
[6] for p=1 or .

Our final remark concerns the relation between the type of conditions in
the above theorems for the cases 1 < p< o and p=1 or co. It can be seen
that the L' and Cy, spaces do not act as limit cases of L” (1 < p < oc). This
is especially clear in Theorems 5 and 6. To fill this gap one must take
the dyadic Hardy and VMO spaces. It is not hard to check that our
technique applied for 1 < p < oo can be extended for these spaces. The
corresponding results for the dyadic Hardy space can be obtained formally
from the L” (1 < p < oo) results by letting p — 1. Similarly, the results for
the VMO space are obtained by letting p — 0. The dyadic Hardy and
VMO spaces behave similarly, for instance, in problems connected with
embedding relations [4].
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